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Introduction
Geometric nonlinearity manifests in structures experiencing large amplitude deformations where axial stretching causes coupling between in-plane and out-of-plane motion. The coupled in-plane and out-of-plane motion also leads to a coupling of the underlying linear normal modes of vibration. Since established structural design techniques rely on uncoupled linear modes of vibration, new methods are sought to address nonlinear behavior while preserving the simplicity of the traditional design and test paradigms. Geometric nonlinearity is of particular interest in thin, constrained structures since nonlinear deformations can occur in the elastic region of the material. Therefore, the design of such structures can be beneficial because the nonlinearity couples the linear modes, spreading energy into other modes that would otherwise not be excited. In other scenarios, the unexpected deformations in these modes may cause large stresses and unexpected failures. The examination and understanding of the structural response and modal coupling at large amplitudes of deformations provides insight to the structure's design.
This work uses the nonlinear normal mode (NNM) concept as a tool for testing and modeling of nonlinear structures. A structure's NNMs provide insight into the dynamic response and modal coupling at large amplitudes of deformation [1] . The presentation of NNMs in frequency-energy plots allow the entire structural deformation to be presented compactly. However, due to the spatial complexity of the expected deformations, an examination of the full field response is beneficial to understanding the underlying modal coupling.
Several advances in recent years have begun to make nonlinear modeling and testing for model updating a reality for practical structures. Peeters et al. [2] recently presented a technique to compute NNMs based on numerical integration and continuation which has proven effective for computing the NNMs of a structure with hundreds of degrees of freedom so long as the nonlinearities are localized. Allen, Kuether & Deaner [3, 4] recently extended that approach to structures with geometric nonlinearities that are modeled within commercial finite element software. An alternative to the calculation of NNMs has also been established where NNMs are calculated using nonlinear reduced order models which are generated with commercial finite element software [3, 5] . Although less computationally expensive than the full order model, the selection of the correct modal basis can be troublesome. The selection of the correct modal basis can be aided with the use of short time simulations of the full order model or an exploration of the experimental structure.
There are two approaches that have been successfully implemented in the experimental determination of NNMs. Both have relied on a stepped sine force appropriation technique to force a structure to vibrate in only one NNM [6] . The first method makes the assumption that the free decay of a structure that is initiated on a NNM should follow the NNM for lightly damped structures. Therefore, once an NNM is isolated, the excitation can then be removed and the response would then presumably decay along the NNM. Peeters et al [7] applied this technique to a beam with a local nonlinearity at one end with good results. Additionally, Ehrhardt [8] also performed a free decay experiment on a clamped-clamped beam with geometric nonlinearity. It was found that for NNMs with a single dominant linear mode, the free decay traced the NNM well; however, for an NNM with coupled linear modes (i.e. the first and third mode) the free decay does not match the expected NNM. Kuether & Allen proposed a variant on this technique that was used to compute NNMs [9] , but also has been extended to measure an NNM by progressively adjusting the excitation frequency and amplitude repeatedly using force appropriation to isolate NNMs. One additional benefit to this measurement of NNMs is the ease of implementation of full-field measurement techniques such as 3D digital image correlation (3D-DIC) or continuous-scan laser Doppler vibrometry (CSLDV) [10] .
This work uses manually tuned stepped-sine testing to find the first nonlinear normal mode of the of two curved axisymmetric plates over a range of excitation amplitudes. The methods developed in [3, 4] are then used to compute the NNMs of the geometrically nonlinear structure using a detailed finite element model, and then the experimentally estimated nonlinear modes are compared with those computed from the model to determine how the model should be updated. This investigation focuses on the first symmetric mode of two different axi-symmetric plates.
Numerical Model and Experimental Structure

Finite Element Model
In this investigation, finite element models (FEMs) were built using the nominal measured geometries of the perforated plate described in the next section. It is assumed that the welded boundary between the plate and steel cylinder provide fixed boundary conditions in all models. The goal of modeling in this work is to determine an equivalent model that can capture the dynamic behavior of the structure. If a detailed representation of the stress distribution is needed, a very fine mesh would be required in order to model each of the perforations. However, Jhung and Jo [11] found that a perforated plate behaves dynamically identical to a non-perforated plate of the same dimensions, as long as the elastic properties are adjusted appropriately. Hence, the reduced elastic modulus and density were calculated based on the perforation geometry as detailed by Jhung and Jo [11] , which for the triangular perforation pattern of this plate yields a new elastic modulus of 1.68 GPa and density of 5120 kg/m 3 . The resulting meshed Abaqus model is shown in Fig. 2 , and has 1440 S4R shell elements. The elastic modulus was later updated so numerically predicted and experimentally measured natural frequencies match. The reduced density was not updated because it can be computed from the geometric properties of the perforations (ex. size of hole and count) and hence should be quite accurate. On the other hand, the effective modulus is dependent on any residual stresses from the addition of perforations, or imperfections of the perforation location geometry. The fundamental nonlinear normal mode of the plate was computed from this model using the procedure discussed in [3, 4] . Specifically, a reduced order model was created using the Implicit Condensation method [12] [13] [14] and the nonlinear reduced order model (NLROM) was integrated in the NNMCont Matlab routine provided by Peeters, Kerschen, et al. [6] to compute the nonlinear modes. In [3, 4] this approach was found to provide an excellent approximation for the backbone of each NNM of a geometrically nonlinear beam. In the NLROMs presented here, only modes 1 and 6 are used as a modal basis since they are the first two symmetric modes with a nodal radius and hence both important to the response near the first natural frequency.
Experimental Structure
The article under investigation is a circular perforated plate with rolled ends which is shown in Fig. 2 . A mechanical punch was used to create the circular perforations in a flat 16 gauge (1.52 mm thick) 409 stainless steel plate in an array of equilateral triangles with 10.16 mm long edges. Once this process was completed, the plate was formed around a 317.5 mm diameter mold with the excess trimmed so a lip of 24.5 mm remained. The plate was then welded to an 89 mm high cylinder made from a 14 gauge (1.9 mm thick) 409 stainless steel plate that was cold rolled to the 317.5 mm diameter as shown in Fig.  2b . The welded plate assembly was then bolted to a fixture with twelve 6.4 mm evenly spaced holes. An 8000 N shaker was used to provide base excitation at a single harmonic to trace the nonlinear normal modes of the fundamental frequency of vibration. It is important to note that all stated dimensions are nominal and subject to variation as is observed in the final geometry of the two plates investigated here. 
Results
Model NNMs
Finite element models were created for each of these plates which are used to estimate the nonlinear normal mode (NNM) from a nonlinear reduced order model (NLROM) and are shown in Fig. 4 for the three models examined here. The frequency-energy plot (FEP), shown in Fig. 4a , highlights the difference in the energy dependence of the resonance frequency between the curved and flat models. The flat model (blue) exhibits only an increase in frequency as the amplitude of the response is increased, where PP01 (green) and PP02 (red) both show a decrease in frequency before an increase in frequency. The reason of this difference is further explained with the examination of the modal amplitudes shown in Fig. 4b . The flat model (blue) contains only the first mode of vibration in the dynamic response as the amplitude is increased. PP01 and PP02 both show a mode 1 dominance of the dynamic response as the frequency decreases; however, as the response reaches higher levels, the sixth mode begins to couple and takes a larger role in the dynamic response as the frequency increases. Although a different curvature is observed between PP01 and PP02, similar characteristics are observed in the dynamic response. A further examination of the dynamic response also describes the harmonic coupling of the two mode NLROM. The response at the center of the plate at a change in frequency of +1% is shown in Fig. 5 . As shown in the nominal model (blue) time domain, Fig. 5a , shows only a pure sinusoidal response while PP01 (green) and PP02 (red) shows a distortion in the time domain. Decomposing the signals into the frequency domain shows a single frequency in the nominal model response and multiple frequencies in PP01 and PP02. The higher frequency content points to a 1:3 harmonic coupling. Finally, an examination of the deformations observed at the peak harmonics in the response in the frequency domain provide a visualization of the modal coupling observed. Since the first harmonic is dominant in the nominal model and the first and third harmonic is dominant in PP01 and PP02 a comparison made between the full-field deformations of the plate at the same position on the FEP that was used in Fig. 5 . The colorbars segment the out-of-paper deformations of the plate in meters. The first harmonic of the nominal model, shown in Fig. 6a , is purely a mode 1 deformation. Similarly, Fig. 6b & Fig.  6d , of the first harmonic of PP01 and PP02 which also resembles a mode 1 deformation. The third harmonic of PP01 and PP02 is also prominent in the response shown in Fig. 5 . The deformation of the third harmonic of PP01 and PP02, shown in Fig. 6c & Fig. 6e, is a purely mode 6 deformation. 
Experimental NNMs
The experimentally measured NNMs are limited due to the experimental setup and the failure limit of the perforated plates tested. Therefore a complete examination of the NNM cannot be performed, as shown in Fig. 7 , where the peak amplitude response of the center of the plate is plotted as a function of the resonance frequency. The decrease/increase of resonance frequency shown in Fig. 7 shows the ability of the NLROMs to capture the general trend of the nonlinear behavior of the perforated plates. The amplitude levels permitted by the experimental setup show an initial decrease in natural frequency larger than predicted by the numerical models for both plates. It is expected that as the response amplitude increases, the plate may pull on the external rim of the setup, requiring larger response amplitudes before the axial stretching reaches levels capable of changing the nonlinearity from a softening to hardening effect. The turning point can be captured experimentally; however the failure occurs as the change in frequency begins to increase limiting the full characterization of the increase in frequency. The full field deformation at the point where the change in the fundamental frequency of vibration provides a good comparison of the dynamic response in nonlinear regimes as shown in Fig. 8 . The colorbar accompanying each figure corresponds to the peak deformation observed in the full-field deformation. The full-field deformations observed for the modeled PP01, shown in Fig. 8a-b , has a peak deformation of 1.67mm for the first harmonic and 0.29mm for the third harmonic. The companion experimental deformations are shown in Fig. 8c-d , where a peak deformation of 1.94mm is measured for the first harmonic and 0.41mm for the third harmonic. The first harmonic for this structure is 16% higher than predicted by the model, and the third harmonic is 40% higher. The full-field deformations for PP02, shown in Fig. 8e-f , has a peak amplitude of 1.78mm for the first harmonic and 0.27mm for the third harmonic. The experimental deformations are shown in Fig. 8g -h, where a peak deformation of 2.43mm is observed for the first harmonic and a peak deformation of 0.23mm is observed for the third harmonic. The first harmonic for this structure is 36% greater than that predicted by the model and the third harmonic is 17% lower than predicted by the model. The difference between the harmonic amplitudes of the models suggest a modal coupling not accounted for in the NLROM. A further examination of the higher harmonics of the experimental setup is needed to characterize the modal coupling and will guide the next step in the creation of NLROMs. One interesting thing to note is the asymmetry in the third harmonic shown in Fig. 8h , which is not as pronounced in the experimental results, and could be a result of the base excitation loading which limits the ability to excite asymmetries in the structure fully. 
Conclusion
The examination of the nonlinear normal modes (NNMs) has provided insight to the underlying modal and harmonic coupling observed in the perforated plates investigated. The nominal model, assuming a flat geometry, showed only an increase in the fundamental frequency of vibration as the response amplitude is increased. With the inclusion of the initial curvature of the perforated plates, a strong coupling is observed between mode 1 and mode 6 of the plate for the first NNM. Therefore, the inclusion of mode 1 and mode 6 into the nonlinear reduced order models is needed. As the structure is pushed at higher input forces the mode 6 deformation becomes more pronounced as shown experimentally and numerically. Although more tuning is needed to accurately account for the amount of coupling between mode 1 and mode 6.
Though the models have shown the ability to describe the trend of the dynamic behavior of the perforated plates, more work is needed to fully identify the modal coupling in the experimental results. Additionally, an examination of the stress distribution of the change in deformation observed in the plates is needed for accurate prediction of the failure of these plate.
